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We may infer a transition |n〉 → |m〉 between energy eigenstates of an open quantum system
by observing the emission of a photon of Bohr frequency ωmn = (En − Em)/~. In addition to
the “collapses”to the state |m〉, the measurement must also have brought into existence the pre-
measurement state |n〉. As quantum trajectories are based on past observations, the condition state
will jump to |m〉, but the state |n〉 does not feature in any essential way. We resolve this paradox
by looking at quantum smoothing and derive the time-symmetric model for quantum jumps.
I. INTRODUCTION
In the Copenhagen interpretation, an observable A
does not possess an actual value until we measure it,
in which case we observe an eigenvalues a and the state
collapses into the eigenstate |a〉. This assumes a direct
measurement. In practice, we perform indirect measure-
ments and make inferences on what the state must be.
Consider, an atomic electron with a complete or-
thonormal basis {|n〉 : n = 0, 1, 2, · · · } of energy eigen-
states with corresponding energy eigenvalues {En : n =
0, 1, , 2, · · · }; when the atom emits a photon its frequency
must be one of the Bohr frequencies ωmn = En − Em.
Furthermore let us assume that the set of Bohr frequen-
cies is non-degeneracy so that is we observe a photon
with the frequency ωmn then we know that the electron
has undergone a transition |n〉 → |m〉.
FIG. 1. (color online) Detecting a transiotion |n〉 → |m〉 with
emitted photon.
Conventional theory tell is that the state collapses to
|m〉 at the time of measurement: but in fact we learn
more! We are not measuring the Hamiltonian H of the
electron, but instead measuring a transition between its
eigenstates, and so also infer that the state of the sys-
tem immediately before measurement was |n〉: despite
making no assumptions on the initial state!
There has been much interest in using the full data
recorded through continual quantum measurement of an
open system to estimate, for instance, indirect measure-
ment made during the monitoring period. This had lead
to a time-symmetric theory. interventions in quantum
measurement [1], as well as recent experimental tests [2].
In §II we outline the theory, and in §III derive the time-
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symmetric form. Here we must derive the result for pho-
ton counting as opposed to homodyne measurement of
quadratures from previous papers.
II. ESTIMATING BOHR TRANSITIONS
Let us now describe the model. We assume, for sim-
plicity, that we have an N -level system with Hamilto-
nian Hsys =
∑N−1
n=0 En|n〉〈n| with energy eigenvalues
E0 < E1 < · · · < EN−1. The set, F , of Bohr frequencies
is then the collection ωmn = En−Em. The positive Bohr
frequencies are then ωmn with m < n and we assume that
they are non-degenerate.
The system couples to a bath (the quantum electro-
magnetic field) and the evolution is described by the
quantum stochastic differential equation (QSDE)
dU (t) =
{ ∑
m<n
Lmn ⊗ dBmn (t)∗ −H.c. +K ⊗ dt
}
U (t)
(1)
where the Bmn (t) , Bmn (t)
∗
are independent pairs of an-
nihilation and creation processes [3, 4] for the bath and
we have the collapse operators and non-hermitean damp-
ing operators (This is derived in the Appendix.)
Lmn =
√
γmn|m〉〈n|, K = −1
2
∑
m<n
γmn|n〉〈n|. (2)
A. The Unconditioned Evolution
Let us take the initial state of the system to be ρ0 and
the state of the bath to be the vacuum |Ω〉. For a given
system operator X we obtain its expectation at time t as
〈X〉t = tr
{
ρ0 ⊗ |Ω〉〈Ω|U (t)∗ [X ⊗ 1bath]U (t)
}
,
or 〈X〉t = tr {ρ0Φt (X)} where Φt is the quantum Markov
semi-group associate with (1) with Lindbladian
L (X) =
∑
m<n
γmn
{
〈m|X|m〉 |n〉〈n| − 1
2
[|n〉〈n|, X]+
}
.
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2The system state evolves according to tr {ρtX} ≡
tr {ρ0Φt (X)} and one readily deduces the master equa-
tion dρtdt = L∗ (ρt) where the Liouvillian (adjoint of L)
is
L∗ (ρ) =
∑
m<n
γmn
{
〈n|ρ|n〉 |m〉〈m| − 1
2
[|n〉〈n|, ρ]+
}
.
For instance, let us take the projection Pn = |n〉〈n|
and set pn (t) = 〈Pn〉t, then we obtain
d
dt
pr (t) =
∑
n>r
γrnpn (t)−
∑
m<r
γmrpr (t) . (3)
Here we see that
∑
n p˙n (t) ≡ 0, and the unique asymp-
totic limit is p0 (t)→ 1 with all other probabilities tend-
ing to zero. In other words, the electron eventually de-
cays to the ground state.
B. Monitoring Transitions
We now wish to describe the measurement of a photon
of frequency ωmn. Let us introduce the bath variable
Zmn (t) =
∫ t
0
bmn (s)
∗
bmn (s) ds (4)
corresponding to the number of input photons resonant
with the Bohr frequency ωmn during the time interval 0
to t. Of, course, what we want to measure is the num-
ber in the output channel and this is described by the
observable
Ynm (t) = U (t)
∗
[1 sys ⊗ Zmn (t)]U (t) . (5)
The family {Ymn (t) : t ≥ 0,m < n} is self-commuting
and will give the set of measured observables. Formally
we have the output fields
b(out)mn (t) = bmn(t) +
√
γmnU (t)
∗
[|m〉〈n| ⊗ 1bath]U (t) ,
and dYmn(t) ≡ b(out)mn (t)∗b(out)mn (t) dt.
Noting that the future-pointing (Ito) increments dZmn,
dBmn(t), and dBmn(t)
∗ vanish in the vacuum state for
the bath, we see that average increment of the observed
output is
tr {ρ0 ⊗ |Ω〉〈Ω| dYmn(t)} = γmnpn(t) dt. (6)
In particular, Ymn(t) is a time-inhomogeneous Poisson
process whose rate is given by (6).
The goal of quantum filtering is to give the least-
squares estimate for any observable X of the system at
time t given the observations up to that time. We denote
this as pit (X) and it will satisfy the stochastic differential
equation [5]
dpit (X) = pit (LX) dt (7)
+
∑
m<n
{
〈m|X|m〉 − pit (X)
}
dImn (t)
where the Imn (t) are defined by
Imn (t) = Ymn (t)− γmn
∫ t
0
pis
(|n〉〈n|)ds. (8)
The stochastic process Imn is martingale [6] with respect
to the observations, and in the present case it is a time-
inhomogeneous, compensated Poisson process.
The result may be alternatively stated as a stochastic
master equation (SME) [7, 8]. The state ρˆt of the system
at time t conditional on the observations up to that time
is defined by pit (X) =tr{ρˆtX}, and satisfies
dρˆt = L∗ (ρˆt) dt+
∑
m<n
{
|m〉〈m| − ρˆt
}
dImn (t) . (9)
The SDE for ρt is nonlinear, but we may write con-
ditional averages as pit(X) ≡ σt(X)/σt(1) where σt(X)
satisfies a linear SDE, known as the Belavkin-Zakai equa-
tion. This has been calculated for jump processes, [9]
§7.3, and takes the form
dσt(X) = σt(LX)dt (10)
+
∑
m<n
σt(L
∗
mnXLmn −X)[dYmn(t)− dt].
Let us remark that, over periods where no photon
counts are made, we have dYmn (t) ≡ 0, and so ρˆ evolves
according to the deterministic ODE
dρˆt
dt
∣∣∣∣
no count
= L∗ (ρˆt) (11)
−
∑
m<n
γmn
{
|m〉〈m| − ρˆt
}
〈n|ρˆt|n〉.
This implies that, between counts, the probabilities
pˆr (t) = 〈r|ρˆt|r〉 = pit (|r〉〈r|) evolve according to
dpˆr (t)
dt
∣∣∣∣
no count
= −
(∑
m<r
γmr −
∑
m<n
γmnpˆn (t)
)
pˆr (t) .
(12)
The nonlinearity is a feature of the continual measure-
ment back action. More exactly, (12) gives the evolution
of the probabilities to be in state |r〉 conditional that
we observe no photon counts: as opposed to (3) which
gives the evolution of the probability that we ignore any
counts.
We note that (12) may be rewritten as
d
dt
pˆr (t) = −
(
Γr −A(p(t))
)
pˆr (t) . (13)
where Γr =
∑
m<r γmr and A(p) =
∑
m<n γmnpˆn. We
have Γ0 = 0 but Γr > 0 for r ≥ 1.
The situation where the system is in a given state |k〉
corresponds to p = δk, that is, pk = 1 and all other
pr = 0. We have A(δk) ≡ Γk, and we see readily that (13)
has the equilibrium points p = δk, for each k. However,
only the ground state k = 0 is asymptotically stable.
3Specifically, if we linearize around δk for k > 0 we find
d
dt pˆr ≈ (Γr−Γk)pˆr for r 6= k and which imply exponential
growth for r < k. We also see that
d
dt
∑
r
pˆr (t) = A(p(t))
(∑
r
pˆr (t)− 1
)
, (14)
implying that
∑
r pˆr (t) = 1 throughout the evolution.
III. OBSERVING A TRANSITION EVENT
Having set up the model, we now look at what typi-
cally happens. From an experimental point of view, we
are monitoring the output light field and watching for
photons resonant with one of the Bohr frequencies. If
our first observation is a photon of frequency ωmn at
time τ > 0, then we have Ynm (t) jumping from value
0 to 1 at τ , with the other channels all registering zero
counts. From the SME (9) we therefore have jump
ρˆτ+ = ρˆτ− +
{|m〉〈m| − ρˆτ−} ≡ |m〉〈m|. (15)
This just says that the state instantaneously collapses to
|m〉 at time τ . Not surprising as we have just learned
that there must have been a transition n→ m at time τ .
However, we have also learned that the state must have
transitioned from the state |n〉. But where is this in our
theory?
It is not the case that ρˆτ− equals |n〉〈n|. Indeed, ρˆτ−
is to be found by solving the ODE (11) up to time τ with
(some) initial state ρ0: of course, up until τ , all we can
say is that no count has been made!
Paradoxically, if we infer a transition from state |n〉 to
|m〉 at a given time, then we know the state collapses to
|m〉 at that time but it tells us nothing about the state
beforehand even though we know it must have been |n〉!
This looks blatantly time-asymmetric. But this is
largely due to the fact that we are macroscopic observers
causally recording events. Once the transition is observed
at time τ , we can make future measurements to check
that the state of the system at time τ was |m〉. But
we do not have the option of going back in time to test
whether the state just before τ was |n〉. As such, only the
information about the state we transition to is important.
Suppose that we have an ancillary system initially pre-
pared in state |ϕ〉 and we measure one of its observables,
say M =
∑
µ µ|µ〉〈µ| where {|µ〉 : µ} is a complete or-
thonormal basis for the ancilla. The ancilla observable
is to measured at a fixed time 0 < σ < T , where T is
the run time for the background continual monitoring as
described in the previous sections. The system and an-
cilla are coupled immediately before σ by a unitary of
the form |ψ〉 ⊗ |ϕ〉 7→ ∑µ (Ωµ〉|ψ) ⊗ |µ〉 where Ωµ are
systems operators which necessarily satisfy
∑
µ Ωµ = 1.
The probability that we have measured M to be eigen-
value µ, conditional on the continuous measurement, is
qµ = q˜µ/
∑
µ q˜µ where
q˜µ = tr{Ωµρˆ(σ)Ω∗µE(σ)}. (16)
Here ρˆ(σ) is the solution to equation (9) at time t = σ
with the initial condition ρˆ(0) = ρ0, and E(σ) is an effect
value process satisfying the backwards SDE
←
dE(t) = L(E(t)) dt (17)
+
∑
m<n
(
L∗mnE(t)Lmn − E(t)
)(←
dYmn(t)− dt
)
,
with terminal condition E(T ) = 1. (The past-pointing
Ito differentials being
←
dX(t) = X(t) − X(t − dt), for
dt > 0.) The derivation of (17) is that it takes the form
of the time-reversed Belavkin-Zakai equation: compare
(10).
The situation we are interested in is where we observe
a transition at time τ after measurement of the ancilla
(σ < τ < T ). We have
←
dE
dt
∣∣∣∣
no count
= L(E(t))+ ∑
m<n
(
L∗mnE(t)Lmn − E(t)
)
(18)
valid for times t 6= τ < t. We propagate (18) back from
terminal time T to τ+. If at the jump τ where we observe
the transition, say n→ m, then (17) tells us that we have
the jump-discontinuity
E(τ−) = L∗mnE(τ
−)Lmn
= γmn〈m|E(τ+)m〉 |n〉〈n|. (19)
We then use (18) to propagate back from τ− to σ.
The discontinuity (19) is the resolution of the paradox.
E(τ−) is proportional to the projection |n〉〈n| on to the
pre-transition state.
It is then clear that the probability qµ of observing
M = µ (conditional on the transition n → m at later
time τ) for the coupled ancilla depends on the state |n〉.
IV. CONCLUSION
We have derived the time-symmetric estimation for in-
direct measurements made during a continuous monitor-
ing of photons emitted from an open quantum system.
The observation of a photon at time τ reveals that there
was a transition |n〉 → |m〉 causing the conditioned state
to jump from ρˆ(τ−) to the eigenstate |m〉, which ignores
that state must have transitioned from |n〉 at the τ .
Knowledge of the conditioned state ρˆt however is in-
sufficient if we wish to estimate the result of an indirect
measurement made at time σ < τ , and we need the more
complete theory of quantum smoothing [1]. Here a crit-
ical role is played by (19). In principle we could run a
large number of independent indirect measurements at
times σ1, σ2, . . . so that we may get arbitrarily close to
the random time τ of the first photon count.
Suppose that the time between an ancilla measurement
and the monitored transition is negligible (so that τ = σ)
4then, combining (16) and (17) we have
q˜µ = γmn〈n|Ωµρˆ(τ−)Ω∗µ n〉 〈m|E(τ+)|m〉, (20)
which factors the problem into pre-transition and post
transition state terms. Moreover the probability is man-
ifestly dependent on |n〉 and is given by the ratio
qµ =
〈n|Ωµρˆ(τ−)Ω∗µ n〉∑
µ〈n|Ωµρˆ(τ−)Ω∗µ n〉
. (21)
The system has had no time to evolve between the two
measurement events and we find that the ratio qµ is now
wholly independent of the state |m〉 to which the system
transitions.
APPENDIX A: DERIVATION OF THE QSDE
We now give a microscopic derivation of the QSDE (1).
The total Hamiltonian for the system and bath is taken
to be Hλ = H0 + λHint where
H0 = Hsys ⊗ 1bath + 1 sys ⊗
∫
ω (k) a (k)
∗
a (k) d3k,
Hint =
∫
Θ (k)⊗ a (k)∗ d3k + H.c.
Here a (k) is the annihilator for a photon of wave-number
k (we ignore polarizations), ω (k) = c |k| is the associated
energy, and Θ (k) is an operator on the system space (due
to dipole moments it may have a k dependence - but the
exact form is not important here.
We shall work in the interaction picture and to this end
introduce the wave-operator V (t, λ) = e+itH0e−itHλ . We
next make a Born-Markov approximation. Specifically,
this is a weak coupling limit where we take λ → 0 but
rescale time as t/λ2. The family of unitaries we need is
therefore U (t, λ) = V
(
t
λ2 , t
)
. It is not difficult to see that
∂
∂tU (t, λ) =
∑
m,n
{|m〉〈n| ⊗ βmn (t, λ)∗ −H.c.}U (t, λ),
where we introduce the colored noise fields βmn (t, λ) =
−i
λ
∫
ei[ω(k)−ωmn]t/λ
2 〈m|Θ (k) |n〉a (k)∗ d3k. The pro-
cesses bmn (t, λ) converge to quantum white noises as
λ → 0. Indeed, [βmn (t, λ)∗ , βm′n′ (s, λ)] converges
to γnmδnn′δmm′δ (t− s) where the γmn are given by∫
2piδ (ω (k)− ωmn) |〈m|Θ (k) |n〉|2 d3k. Here we have
used the non-degeneracy of the Bohr frequencies together
with the fact that a mismatch between frequencies will
result in rapid oscillation, and so the vanishing of the
terms by the Riemann-Lebesgue Lemma. The γmn are
non-zero only for m < n (since ω(k) ≥ 0)and give the de-
cay rates associate with the transition |n〉 → |m〉 → |n〉
with the 2piδ (ω (k)− ωmn) enforcing the mass-shell con-
dition, see Figure 2.
Note that we have dropped Lamb shift terms of the
form P.V.
∫
1
ω(k)−ωmn |〈m|Θ (k) |n〉|
2
d3k from our con-
siderations as these may be argued as being negligible, or
may be absorbed into the original system energy eigen-
values (assuming that non-degeneracy still holds). The
FIG. 2. The diagram giving rise to the decay rate γmn.
limit evolution then describes the transitions |n〉 to a
lower energy state |m〉 and the creation of a photon in
the ωmn field channel.
In the limit βmn (t) is approximated by
√
γmnbmn (t)
where the bmn (t) are quantum input fields. The QSDE
(1) then corresponds to the open system with zero-
Hamiltonian driven by the bmn (t) with collapse opera-
tors Lmn =
√
γmn|m〉〈n|, for pairs m < n. Note that
K ≡ − 12
∑
m<n L
∗
mnLmn.
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